Dynamic overshooting in 2D periodic materials with square voids caused by sudden flaw appearance  by Aboudi, Jacob & Ryvkin, Michael
International Journal of Solids and Structures 51 (2014) 2345–2359Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rDynamic overshooting in 2D periodic materials with square voids
caused by sudden ﬂaw appearancehttp://dx.doi.org/10.1016/j.ijsolstr.2014.03.006
0020-7683/ 2014 Elsevier Ltd. All rights reserved.
⇑ Corresponding author. Tel.: +972 3 6408131; fax: +972 3 6407617.
E-mail address: aboudi@eng.tau.ac.il (J. Aboudi).Jacob Aboudi ⇑, Michael Ryvkin
School of Mechanical Engineering, Faculty of Engineering, Tel Aviv University, Ramat Aviv 69978, Israel
a r t i c l e i n f o a b s t r a c tArticle history:
Received 5 December 2013
Received in revised form 23 February 2014
Available online 17 March 2014
Keywords:
Porous materials
Representative cell method
High-ﬁdelity generalized method of cells
Wave propagation in composites
Sudden crack appearanceThe dynamic response caused by the sudden appearance of a ﬂaw in materials in which square voids are
distributed in a doubly periodic manner is investigated. A broad range of relative densities corresponding
to cellular materials as well as to almost solid ones is considered. In the former case the materials are
characterized by either bending or stretch dominated behavior, and different layouts corresponding to
both these cases are examined. The ﬂaw models a break of an intervoid ligament in a material which
is subjected to a far-ﬁeld tensile loading. Both cases of a ﬁrst ﬂaw in undamaged material as well as
the case of a new ﬂaw appearance in an already damaged material are addressed.
The method of solution is based on a full scale continuum mechanics modeling which includes a com-
bination of three distinct approaches. In the ﬁrst one a micromechanical analysis is employed for the
establishment of the strain concentration tensors and the effective compliances needed for the determi-
nation of the strain distribution in the voided material. In the second one, the representative cell method
is employed according to which the problem of a periodic material, which is discretized into several cells,
is reduced to a problem of a single cell in the discrete Fourier transform domain. The resulting elastody-
namic equations in conjunction with their initial, boundary and interfacial conditions in the transform
domain are solved by employing a wave propagation in composite analysis which forms the third
approach. The application of these three combined approaches is necessary for the establishment of
the requested dynamic response.
Applications are given for three voided material conﬁgurations and the effect of material volume frac-
tion on the dynamic overshooting is investigated. This is done by a comparison between the dynamic
response and the corresponding static stress state which was determined separately. It appears that
the amplitude of the dynamic response which is observed at the early stage of disturbance propagation
increases monotonically with the increase of the material relative density. The increase of the initial ﬂaw
size is also found to increase the overshooting phenomenon.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
The dynamic phenomena of ﬂaw appearance and propagation
may signiﬁcantly alter the estimation of the material damage toler-
ance that is predicted on the basis of a static analysis. The dynamic
overshooting effect was the subject of many investigations. The
transient problem of the sudden appearance of a semi-inﬁnite crack
in homogeneous solid materials is a well documented topic, see
Baker (1962); Broberg (1999) and Achenbach (1973), for example.
The corresponding transient problem of a ﬁnite crack in homoge-
neous material has been investigated by Sih and Embley (1972),
Ravera and Sih (1970) and Sih et al. (1972) for torsion, anti-planeand in-plane deformations, respectively. In these three investiga-
tions, a comparison with the corresponding static problems exhibit
the dynamic overshooting phenomenon. The analysis of the sudden
appearance of a crack in a periodically layered material has been
recently considered by Aboudi and Ryvkin (2011). Here too the
overshooting effect has been detected. In the framework of elastic
lattice model, the transient problem is formulated as the sudden
break of a bond. This type of problems was considered by Slepyan
(2000, 2002) whose analysis is based on a mass-spring model.
The increase use of new light-weight porous materials in engineer-
ing practice stimulates an extensive study of their fracture behav-
ior. Porous materials are characterized by low densities, thermal
conductivities and stiffnesses, and used for thermal insulations,
energy absorption, cushioning and as light-weight structures.
Porous materials with low relative density (high porosity) are
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Fig. 1. (a) A periodic material with square voids with a breakage (ﬂaw) that
suddenly appeared at t ¼ 0. The material is subjected to initial stress r0. (b) A
region 2H  2L of the material is divided by repeating cells labeled by ðK2;K3Þ, the
size of every one of which is 2h 2l. (c) A representative cell in which local
coordinates ðx02; x03Þ are introduced. This cell is discretized into Nb  Nc subcells. (d)
A typical subcell ðbcÞ in which a local system of coordinates ðxðbÞ2 ; xðcÞ3 Þ is introduced
the origin of which is located at the center. The size of the subcell is hb  lc .
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beam lattice with rigidly connected elements. Foams and honey-
combs, for example, are three and two-dimensional cellular mate-
rials, respectively. As the relative density increases, the accuracy
of such approach decreases and a continuummodeling is necessary.
The problem of the sudden ﬂaw appearance in porous materials is
the subject of the present paper. To this end, three types of a two-
dimensional layouts generated by a doubly periodic system of
square voids are considered. If the intervoid ligaments are thin
the beam-lattice approximation would possibly be used, however,
such an approach becomes inapplicable for the case of medium
and high density of the voided material. Therefore, in the present
study a full scale continuummodeling of the voided domain is car-
ried out which allows the consideration of arbitrary periodic voids
arrangement for any relative density. The ﬂaw is modeled by a
bridging of two neighboring voids microcrack which may suddenly
appear in the undamaged material. In addition, the breakage (ﬂaw)
may suddenly appear in a voided material subjected to a far-ﬁeld
loading with several already broken ligaments, thus simulating a
case of a slow propagating ﬂaw. Quasi-static ﬂaw propagation in
two and three-dimensional cellular materials which has been mod-
eled in the framework of beam-lattice approximation has been
investigated by Lipperman et al. (2007) and Kucherov and Ryvkin
(2012).
The sudden appearance of a ﬂaw in three types of voided
microstructures is presently analyzed. The analysis is based on
the combination of three distinct approaches. In the ﬁrst one, the
high-ﬁdelity generalized method of cells (HFGMC) micromechani-
cal method is employed for the establishment of the strain concen-
tration tensors which enable the determination of the strain
distribution within the various locations in the material. In the sec-
ond one, referred to as the representative cell method which for
the static case was formulated by Ryvkin and Nuller (1997), the
discrete Fourier transform is applied on the problem of periodic
composite in which the localized ﬂaws have been appeared. As a
result, a representative cell elastodynamic problem with initial
and speciﬁc boundary conditions is obtained in the transform do-
main which requires the analysis of just a single cell which is of a
signiﬁcant advantage. The third approach forms the method of
solution of the representative cell dynamic initial-boundary value
problem in the Fourier transform domain. This is performed by
adopting the continuum wave propagation in composites analysis,
see Aboudi (2013) for details, In the framework of this analysis the
(single) representative cell is divided into several subcells and the
transformed time-dependent displacements are expressed by sec-
ond-order expansion in terms of local coordinates of the subcells.
The elastodynamic equations and all the relevant interfacial conti-
nuity and boundary conditions of the displacements and tractions
are imposed in the average sense. The inverse transform provides
the actual ﬁeld variables at any point in the considered region.
The localized ﬂaw effects are modeled by utilizing the concepts
of continuum damage mechanics. To this end, the constitutive
equations are formulated by the inclusion of terms which involve
damage variables and subsequently representing these terms as
eigenstresses. This approach has been successfully implemented
by Aboudi and Ryvkin (2012) in elastostatic problems and is
adopted here to the present elastodynamic cases of the sudden
appearance of ﬂaw in voided materials. The present method of
solution of the dynamic problem, based on the application of the
above three combined approaches, has been veriﬁed by compari-
son with several analytical solutions, Aboudi, 2013, and with an
additional one which is presented in the Application section.
Results are given for the above three of layouts by studying the
effect of material volume fraction and microstructure on the dy-
namic response of the undamaged material caused by a sudden
breakage of a ligament. Comparisons with the elastostatic analysisresults of the same layout and the already existing ﬂaw enable to
determine the occurrence of the dynamic overshooting, namely
whether the dynamic response exceeds the corresponding elasto-
static one. In addition, the case of a sudden breakage in a voided
locally damaged material, thus simulating a slow propagating ﬂaw,
is considered. In both cases the material is subjected to a tensile
far-ﬁeld loading. In the ﬁrst case, stress–strain ﬁeld in the initially
undamaged material is determined by a micromechanical analysis
of periodic composites, Aboudi et al. (2013). In the second case, the
stress–strain ﬁeld in the initially damaged material is determined
by a Green function approach to analyze a crack in a periodic com-
posite, Ryvkin and Aboudi (2007).
The article is organized as follows. In Section 2, the governing
equations are presented whose method of solution is brieﬂy re-
viewed in the Section 3. Section 4 presents the application of the
method on the three conﬁgurations of the voided material. In the
Conclusions, a summary and potential extensions of the method
are discussed.
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Consider a linearly elastic material with a doubly periodic sys-
tem of square voids, see Fig. 1(a). This material is initially subjected
to a far-ﬁeld average stress r0. At time t ¼ 0 a microcrack suddenly
appears in an intervoid ligament. As a result, elastic wave propaga-
tion takes place and the dynamic response of the material is sought
at time t > 0.
The initially applied stress r0 induces a periodic state of stress
rðPÞ in the various locations of the material with square voids.
The stress distributions in these locations can be determined from
an appropriate micromechanical analysis that can provide in addi-
tion to the effective compliance tensor S of the voided material,
the strain concentration tensors AðPÞ at any point P. In the present
investigation we chose the HFGMC micromechanics method, Abo-
udi et al. (2013) Chapter 6, which is capable of predicting the stress
ﬁeld distribution rðPÞ from the knowledge of the material proper-
ties and the microstructure geometry. Thus, the resulting initially
applied strain 0 that correspond to the applied stress r0 is given
by
0 ¼ Sr0 ð1Þ
Consequently the initially induced strain at any location P can be
determined from
ðPÞ ¼ AðPÞ0 ð2Þ
Hence the initially induced stress at P is given by
rðPÞ ¼ CðPÞ ð3Þ
where C is the stiffness tensor of the parent material.
As a result of the sudden breakage appearance, a dynamic strain
ﬁeld ðtÞ takes place. Thus the total strain is given by ðtÞ þ ðPÞ. In
view of Eq. (3), the constitutive equations of the solid which in-
clude the induced stress distributions rðPÞ are given by
rðtÞ ¼ CðtÞ þ rðPÞ ð4Þ
Here rðtÞ denotes the total stress at any time t > 0. As in Aboudi
and Ryvkin (2012), the effect of damage is introduced by modifying
Eq. (4) to take the form
r ¼ I  Dð ÞCþ I  Dð ÞrðPÞ ð5Þ
In this equation I is the unit 4th-order tensor and D is a 4th-order
damage tensor. For isotropic materials D consists of two indepen-
dent components D1 and D2 and has the form, c.f. Ju (1990),
Djklm ¼ D1djkdlm þ D2ðdjldkm þ djmdklÞ; j; k; l;m ¼ 1;2;3 ð6Þ
where djk is the Kronecker delta. For transversely isotropic and
orthotropic materials the number of independent damage variables
is ﬁve and nine, respectively.
Eq. (5) can be re-written as
r ¼ C rðeÞ ð7Þ
where rðeÞ is eigenstress tensor that has the form
rðeÞ ¼ DC I  Dð ÞrðPÞ ð8Þ
As discussed in Aboudi and Ryvkin (2012) and Aboudi (2013),
this representation allows themodeling of localized cracks, cavities,
stiff and soft inclusions embedded in the material. In the present
investigation, the localized ﬂaw that appears in isotropic material
is represented by selecting in Eq. (6) D1 ¼ D2 ¼ 1within the regions
where it is located. Otherwise, D1 ¼ D2 ¼ 0 and the material is in-
tact there. Since in the fully damaged regions D1 ¼ D2 ¼ 1, the ac-
tual isotropic stiffness tensor of the material vanishes there, i.e.,
C ¼ 0. The stress–strain distribution rðPÞ  ðPÞ is related in general
by nine effective constants which have been determined by theHFGMC micromechanical method. Hence the damage tensor D
which operates on rðPÞ in Eq. (5) has nine components which are se-
lected as 1 or 0 at given location, depending onwhether in this loca-
tion the material is fully damaged or intact. In summary, our
approach enables the analysis of ﬂaw or broken solid in these re-
gions in which r ¼ 0. Outside these regions however all damage
components are equal to zero and the material remains intact.
In the absence of body forces, the elastodynamic equations of
the material that governs its motion are
r  r ¼ q d
2
dt2
u ð9Þ
where u is the time-dependent displacement vector in the phase
and q is the mass density of the solid material.
3. Method of solution
The method of solution of the problem of the type described
above is based on the combination of the representative cell meth-
od which was presented by Ryvkin and Nuller (1997) in the elasto-
static case, and the generalized analysis of wave propagation in
composites which has been derived by Aboudi (2013). In the latter
article, the details of the method was fully described. Here, the
method is brieﬂy presented.
According to the representative cell method a rectangular re-
gion H 6 x2 6 H; L 6 x3 6 L of the periodically layered compos-
ite is considered which includes the localized damage region, see
Fig. 1(b). This region is divided into ð2M2 þ 1Þð2M3 þ 1Þ cells
(Fig. 1(b) is shown for M2 ¼ M3 ¼ 2). Every cell is labeled by the
pair ðK2;K3Þ with K2 ¼ M2; . . . ;M2 and K3 ¼ M3; . . . ;M3. In each
cell, local coordinates ðx02; x03Þ are introduced whose origins are lo-
cated at its center, Fig. 1(c).
The elastodynamic equation (9) of the material within cell
ðK2;K3Þ takes the form
r  rðK2 ;K3Þ ¼ q d
2
dt2
uðK2 ;K3Þ ð10Þ
The constitutive equation (7) in the cell can be written as
rðK2 ;K3Þ ¼ CðK2 ;K3Þ  reðK2 ;K3Þ ð11Þ
where the eigenstresses are given by
reðK2 ;K3Þ ¼ DCðK2 ;K3Þ  I  Dð ÞrPðK2 ;K3Þ ð12Þ
In accordance with the representative cell method, the continu-
ity of displacements and tractions between adjacent cells should
be imposed. In addition, the periodicity conditions of the far-ﬁeld
tractions and displacements at the opposite sides x2 ¼ H;
x3 ¼ L of the rectangle of Fig. 1(b) are implemented.
Next, the double discrete Fourier transform is introduced which
for the displacement vector uðK2 ;K3Þ (for example) is deﬁned by
u^ðx02; x03;/p;/q; tÞ ¼
XM2
K2¼M2
XM3
K3¼M3
uðK2 ;K3Þðx02; x03; tÞ
 exp iðK2/p þ K3/qÞ
  ð13Þ
where
/p ¼
2pp
2M2 þ 1 ; p ¼ 0;1;2; . . . ;M2; /q ¼
2pq
2M3 þ 1 ;
q ¼ 0;1;2; . . . ;M3;
It reduces the problem which has been formulated in the rect-
angular region H 6 x2 6 H; L 6 x3 6 L that is divided into
ð2M2 þ 1Þð2M3 þ 1Þ cells, to the problem of a single representative
cell h 6 x02 6 h; l 6 x03 6 l, Fig. 1(c), in the transform domain.
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the form
r  r^ ¼ q d
2
dt2
u^ ð14Þ
In this domain, the constitutive equation (11) is transformed to:
r^ ¼ C^ r^ðeÞ ð15Þ
where
r^ðeÞ ¼ DC^ I  Dð Þr^ðPÞ ð16Þ
The continuity conditions of the displacements and tractions at
the interfaces between the various cells as well as the periodicity
conditions are given as follows, Aboudi and Ryvkin (2012) and
Aboudi (2013),
u^ðh; x03; tÞ ¼ expði/pÞu^ðh; x03; tÞ; l 6 x03 6 l ð17Þx3 / 2 l
x 2
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Fig. 2. (a) Type I, (b) type II and, (c) type III conﬁgurations of a doubly periodic material
cells of the type I, type II and type III conﬁgurations. The location of the sudden breakaT^ ð2Þðh; x03; tÞ ¼ expði/pÞT^ ð2Þðh; x03; tÞ; l 6 x03 6 l ð18Þ
and
u^ðx02; l; tÞ ¼ expði/qÞu^ðx02;l; tÞ; h 6 x02 6 h ð19Þ
T^ ð3Þðx02; l; tÞ ¼ expði/qÞT^ ð3Þðx02;l; tÞ; h 6 x02 6 h ð20Þ
where T^ ð2Þ and T^ ð3Þ are the tractions at the planes whose normals
are in the x02 and x
0
3-directions, respectively. It should be noted that
the displacement differences at the opposite sides H and Lwhich
were included in the transformed continuity conditions as were gi-
ven by Aboudi and Ryvkin (2012) and Aboudi (2013) are presently
absent. This is because the effects of these jumps are presently ta-
ken into account by the initially applied ﬁeld rðPÞ.
As shown in Fig. 1(c), the single cell region in which Eqs. (14)–
(20) are formulated is divided into Nb and Nc subcells in the x02
and x03 directions, respectively. Each subcell is labeled by the indicesx3 / 2 l
−2 −1 0 1 2
with square voids. The material volume fraction is v s ¼ 0:28. (d) The repeating unit
ge is along a 6 x03 6 a at x02 ¼ 0 within cell ðK2 ¼ 0;K3 ¼ 0Þ.
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ðbcÞ in the x02 and x03 directions are denoted by hb and lc, respectively,
see Fig. 1(d). A local coordinate system ðxðbÞ2 ; xðcÞ3 Þ is introduced in
each subcell whose origin is located at its center. The wave propa-
gation in composites analysis that has been presented by Aboudi
(2013) is subsequently implemented on Eqs. (14)–(20). The applica-
tion of this analysis provides a system of ordinary differential equa-
tions in the unknown transformed time-dependent surface-average
displacements X^ðtÞ which can be represented by
A
d2
dt2
X^ðtÞ ¼ B^ðtÞ ð21Þ
where A is a square matrix of order 24NbNc whose elements de-
pends on the material parameters and geometric dimensions, and
B^ðtÞ consists of time-dependent elements that involve the initially
applied ﬁeld and the current stresses. A central ﬁnite difference of
a second order accuracy in the time increment Dt reduces this or-
dinary differential equation to the following explicit form
X^ðt þ DtÞ ¼ 2X^ðtÞ  X^ðt  DtÞ þ ðDtÞ2A1B^ðtÞ ð22Þ
from which the variables can be computed at time t þ Dt from their
known values at times t and t  Dt. This procedure is continued to
the next time increment. Stability of this ﬁnite difference procedure
is ensured by a proper choice of the value of the time increment Dt.
Once the solution in the transform domain of Eqs. (14)–(20) has
been established at time t in the representative cell, the actual elas-
tic ﬁeld can be readily determined at any point in the desired cells
ðK2;K3Þ of the considered rectangular region H 6 x2 6 H; L 6 x3
6 L by the inverse transform formula whose form for the displace-
ments, for example, is:Fig. 3. Normalized equivalent stress distribution in the type I conﬁguration (v s ¼ 0:1)
arrow is directed toward the ﬂaw’s location, and the portion of this distribution around th
(b) The corresponding distribution rSeq=r022 is obtained by elastostatic analysis.uðK2 ;K3Þðx02; x03; tÞ ¼
1
ð2M2 þ 1Þð2M3 þ 1Þ

XM2
p¼M2
XM3
q¼M3
u^ðx02; x03;/p;/q; tÞ
 exp iðK2/p þ K3/qÞ
  ð23Þ4. Applications
The previously described approach has been implemented by
Aboudi (2013), in four cases where analytical solutions are avail-
able with which comparisons can be made and excellent agree-
ments were observed. These analytical solutions are given for the
sudden appearance of cracks in Mode I, Baker (1962), and III, Fre-
und (1990), deformation; the sudden formation of a cavity, Miklo-
witz (1960); and the diffraction of horizontally shear waves in a
material by a semi-inﬁnite crack, Achenbach (1973). Another sim-
ple veriﬁcation can be obtained in the case of a one-dimensional
plane wave generated by the sudden breakage by of initially
stressed strip which appears at time t ¼ 0 at x2 ¼ 0. The resulting
elastodynamic ﬁeld can be compared with the one generated by
an elastic half-space x2 P 0 that is subjected to time-dependent
uniform surface tractions pðtÞ whose amplitude is A0:
r22 ¼ A0pðtÞ; t P 0 ð24Þ
The resulting ﬁeld at any point within the half-space is given by,
Achenbach (1973),
r22 ¼ A0pðt  x2=CpÞ þ A0 ð25Þcaused by the sudden breakage at x02 ¼ 0; a 6 x03 6 a of cell (K2 ¼ 0;K3 ¼ 0). The
is location is magniﬁed. (a) Dynamic stress distribution rDeq=r022 at time Cpt=ð2lÞ ¼ 5.
Fig. 4. Normalized equivalent stress distribution in the type I conﬁguration (v s ¼ 0:7) caused by the sudden breakage at x02 ¼ 0; a 6 x03 6 a of cell (K2 ¼ 0;K3 ¼ 0). (a)
Dynamic stress distribution rDeq=r022 at time Cpt=ð2lÞ ¼ 5. (b) The corresponding distribution rSeq=r022 is obtained by elastostatic analysis.
2350 J. Aboudi, M. Ryvkin / International Journal of Solids and Structures 51 (2014) 2345–2359where Cp is the longitudinal wave speed. Note that A0 has been
superimposed to obtain traction-free surface at the ﬂaw location
x2 ¼ 0. This analytical solution coincides with the dynamic response
obtained from our approach in this simple case.
In all cases presented herein the isotropic material properties
are as follows: Young’s modulus E ¼ 400 GPa, Poisson’s ratiom ¼ 0:2 and mass density q ¼ 4000 kg=m3. These values corre-
spond to the properties of a ceramic alumina. The longitudinal
and shear wave speeds in the material are Cp ¼ 10500 m=s and
Cs ¼ 6450 m=s, respectively.
In the present article three microstructures generated by
doubly periodic array of square voids are considered. Sections of
Fig. 5. Variations of the normal stress rD22=r022 at time Cpt=ð2lÞ ¼ 5 and the corresponding variations rS22=r022 as predicted by the elastostatic analysis in the type I
conﬁguration for various values of v s .
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to as type I, type II and III conﬁguration, respectively. For the case
of high porosity (the volume fraction of solid constituent is less
than v s ¼ 0:3), the considered material may be treated as honey-
comb cellular one. This type of materials was extensively studied
by the use of beam-lattice models, e.g., Gibson and Ashby (1997).
In view of the prevailing type of the beam elements deformation
being either stretching or bending, the honeycomb layouts are
classiﬁed as stretching or bending dominated ones. From this point
of view, type III conﬁguration may be related to the bending dom-
inated layout, type I to the stretch dominated one, and type II is an
intermediate case. The amount of volume fraction of solid material
in all three cases shown in Fig. 2(a)–(c) is v s ¼ 0:28. In Fig. 2(d) the
repeating unit cells which form the building blocks of these three
conﬁgurations are shown. In each conﬁguration, the location of
the sudden breakage is along a 6 x03 6 a at x02 ¼ 0 within cell
ðK2 ¼ 0;K3 ¼ 0Þ. It should be reminded that due to the considered
ﬂaws that will be introduced in the material, the periodic character
is lost and homogenization methods are not applicable anymore.
All results were obtained for the type I and type III conﬁguration
with h ¼ l, and h ¼ 2l for type II conﬁguration. The representative
cell has been discretized into 40 40; 80 40 and 80 80 sub-
cells for type I, type II and III conﬁgurations, respectively. For the
type I and type III conﬁgurations, the ratio between the effective
transverse Young’s moduli E2=E

3 in the x2 and x3-directions is
equal to 1. For type II however this ratio varies with the volume
fraction of the material v s. Thus, HFGMC method predicts that
E2=E

3 ¼ 0:03;0:28;0:53 and 0:9 for v s ¼ 0:1;0:28;0:44 and 0:74,
respectively.
4.1. Sudden appearance of a ﬂaw in initially undamaged materials
Consider the type I conﬁguration of the periodic material with
material volume fraction v s ¼ 0:1. The material is subjected to an
initial tensile stress r022. Fig. 3(a) exhibits the equivalent stress
distribution rDeq=r022 at time Cpt=ð2lÞ ¼ 5 in the regionFig. 6. Normalized equivalent stress distribution in type II conﬁguration (v s ¼ 0:1) caused
stress distribution rDeq=r022 at time Cpt=ð2lÞ ¼ 5. (b) The corresponding distribution rSeq=r5:5 6 x2=ð2hÞ 6 5:5; 5:5 6 x3=ð2lÞ 6 5:5 caused by the sudden
appearance of a microcrack at x02 ¼ 0; a 6 x03 6 a within cell
(K2 ¼ 0;K3 ¼ 0). The equivalent stress is deﬁned by:
req ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3devr : devr=2
p
. The arrow is directed toward the ﬂaw’s
location, and the portion of this distribution around this location
is magniﬁed. The effect of the ﬂaw can be seen to affect the mate-
rial along x2 as far as the elastic wave front reaches the disturbed
locations. It should be interesting to compare this stress distribu-
tion with the corresponding elastostatic one where the dynamic
effects are completely ignored. The analysis of the elastostatic
case is based on a Green function approach which has been pre-
sented and veriﬁed by Ryvkin and Aboudi (2007). Here the mate-
rial with the ﬂaw described above is subjected to normal far-ﬁeld
loading whose value is r022 which is identical to the initial stress
that has been applied in the dynamic case. The elastostatic anal-
ysis is carried out by the construction of a system of Green’s func-
tions followed by a superposition with a periodic stress ﬁeld that
have been determined by the HFGMC method, see Ryvkin and
Aboudi (2007) for details. It should be noted that whereas the
boundaries of the region H 6 x2 6 H; L 6 x3 6 L should be suf-
ﬁciently far such that no reﬂected waves from these boundaries
arrive at the point of interest, the elastostatic analysis on the
other hand is more demanding since this region must be sufﬁ-
ciently extensive to ensure diminishing effects of the localized
ﬂaw on the stress–strain state at the remote boundaries. This is
especially so for low values of v s, when the considered voided
material may be addressed as a cellular one with a square layout.
The material in this case is characterized by a strongly anisotropic
behavior (see Gibson and Ashby, 1997, for example), and for the
present loading direction the series of thin ligaments transmit
the ﬂaw inﬂuence far away from its location.
Solving this problem by a ﬁnite element procedure would be
very expensive and demanding due to the large number of the
resulting equations. However although in the present representa-
tive cell approach the number of cells must be large, the number
of equations to be solved in the Fourier transform domain dependsby the sudden breakage at x02 ¼ 0; a 6 x03 6 a of cell (K2 ¼ 0;K3 ¼ 0). (a) Dynamic
0
22 is obtained by elastostatic analysis.
Fig. 7. Normalized equivalent stress distribution in type III conﬁguration (v s ¼ 0:14) caused by the sudden breakage at x02 ¼ 0; a 6 x03 6 a of cell (K2 ¼ 0;K3 ¼ 0). (a)
Dynamic stress distribution rDeq=r022 at time Cpt=ð2lÞ ¼ 5. (b) The corresponding distribution rSeq=r022 is obtained by elastostatic analysis.
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see Ryvkin and Aboudi (2007) and Aboudi and Ryvkin (2012) for
further discussion of this issue.
Fig. 3(b) exhibits the corresponding normalized equivalent
stress distribution rSeq=r022 obtained by the elastostatic analysis of
the localized ﬂaw. Here too, the arrow is directed toward the ﬂaw’s
location, and the portion of this distribution around this location ismagniﬁed. A comparison between the two ﬁgures shows that the
stresses in the static case are higher and less localized in the vicin-
ity of the ﬂaw. This indicates the possibility that the dynamic stres-
ses increase monotonically with time while always remaining
below the static limit. Such behavior was observed by Embley
and Sih (1973) who analyzed the sudden appearance of a crack
in a bent plate. However as the material volume fraction v s
Fig. 8. The ratio between the maximum of the equivalent stress generated after a
sudden breakage occurs at the center of cell ðK2 ¼ 0;K3 ¼ 0Þ at the time interval
0 6 Cpt=ð2lÞ 6 5 and the corresponding maximum predicted by the elastostatic
analysis for the three conﬁguration types of porous material.
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Fig. 4(a) and (b) show a comparison between the dynamic and sta-
tic equivalent stress distributions at time Cpt=ð2lÞ ¼ 5 for v s ¼ 0:7.
The dynamic stresses are seen to be higher than those predicted by
the elastostatic analysis.
In order to follow the effect of v s on dynamic response of type I
conﬁguration of the periodic material, we present the variations of
the normal stress r22=r022 along x3 at x2 ¼ 0. Fig. 5 shows the
normalized normal stress at time Cpt=ð2lÞ ¼ 5 for v s ¼ 0:1; 0:28;
0:5; 0:7 and 0:9. These variations (denoted by rD22=r022) are con-
trasted with those predicted by the corresponding elastostatic
analysis (denoted by rS22=r022). It can be readily observed that for
the low values of v s, the magnitude of the stresses as predicted
by the elastodynamic analysis at early times after the breakage is
smaller than the corresponding ones obtained from the elastostatic
analysis. As v s increases however, the contrast between the two
types of analysis decreases and at about vs ¼ 0:5 the stresses be-
come equal. Further increase of vs provides higher values of dy-
namic stresses.
Consider the type II conﬁguration with v s ¼ 0:1 that has been
initially subjected to a normal stress r022. At time t ¼ 0 a breakage
takes place at x02 ¼ 0; a 6 x03 6 a in cell ðK2 ¼ 0;K3 ¼ 0Þ. The
resulting normalized (with respect to r022) equivalent stress distri-
bution rDeq=r022 within the region 5:5 6 x2=ð2hÞ 6 5:5; 2:75
6 x3=ð2lÞ 6 2:75, at time Cpt=ð2lÞ ¼ 5 is shown in Fig. 6(a). This
stress distribution is compared with the resulting elastostatic anal-
ysis rS22=r022 in the same conﬁguration with a breakage which is
shown in Fig. 6(b). Higher stresses can be observed in the latter
case. Thus, for this quite low material volume fraction, the re-
sponse of the porous material under static conditions predicts
higher values of stresses as compared to its response to sudden
breakage. This same behavior can be also observed when type III
conﬁguration (v s ¼ 0:14) is considered. The results of the elastody-
namic and elastostatic analyses are shown in Fig. 7(a) and (b),
respectively. Here too the initial stress is speciﬁed by r022 and the
normalized equivalent stress distribution within the region
5:5 6 x2=ð2hÞ 6 5:5; 5:5 6 x3=ð2lÞ 6 5:5, at time Cpt=ð2lÞ ¼ 5 is
shown in Fig. 7(a) where the breakage occurs at
x02 ¼ 0; a 6 x03 6 a in cell ðK2 ¼ 0;K3 ¼ 0Þ. It is worth mentioning
that for both type II and III layouts with low material volume frac-
tions, bending of part of the material thin ligaments takes place.
These ligaments are undergoing relatively high stresses as com-
pared with the stretched ones. This phenomenon can be clearly ob-
served in Figs. 6 and 7.As in the type I conﬁguration, as the material volume fraction v s
increases, the magnitudes of the dynamic stresses increases and at
certain volume fraction the amplitudes of the dynamic stresses
that are generated at early time after the breakage exceed the pre-
dicted stresses by the elastostatic analysis. Fig. 8 presents the val-
ues of the ratios between the maximum of rDeq, as predicted by the
dynamic analysis within the time interval 0 6 Cpt 6 5, and the
maximum of rSeq predicted by the elastostatic analysis. These val-
ues of maxðrDeqÞ=maxðrSeqÞ are shown against vs for the type I, type
II and III conﬁgurations of the voided material. The dynamic over-
shooting at high material volume fractions is clearly exhibited by
this ﬁgure. Thus, at the ﬁrst stage after the breakage and for the
considered time duration the dynamic overshooting is observed
in the voided material of a sufﬁciently high volume fraction only.
This result is in agreement with the observed overshooting phe-
nomenon caused by the sudden appearance of cracks in continuous
materials without voids, see Sih et al. (1972) for example. Here the
energy ﬂux is carried out mainly by the longitudinal waves and a
clear overshooting effect takes place. Cellular materials with rela-
tively large voids (low material volume fraction) can be approxi-
mately modeled by a beam-lattice array. In this case the
obtained results resemble those of Slepyan (1972). In this reference
it was shown that the energy is mainly carried by bending waves
propagating with decreasing speed. Consequently, the early devel-
oped stress amplitudes are lower than in the static case, and dy-
namic overshooting is not observed. In addition, it is worth
mentioning the experimental data for the fracture of cellular mate-
rials which demonstrate a signiﬁcant increase of the dynamic frac-
ture toughness with respect to the corresponding static value
Marsavina et al. (2013) which is in agreement with observed ab-
sence of dynamic overshooting for low volume fractions.
4.2. Sudden appearance of a ﬂaw in initially damaged materials
Thus far the dynamic stresses created by the sudden appear-
ance of a ﬂaw at time t ¼ 0 in a voided undamaged material with
an initial average stress r0 has been analyzed by employing the
HFGMC micromechanical method which enables the computation
of the resulting initial strain 0, see Eq. (1), as well as the strain dis-
tribution ðPÞ at any location P, see Eq. (2). In the following discus-
sion, a voided material with already existing several ﬂaws is
considered. The material is subjected to a far-ﬁeld r0 and the elas-
tostatic analysis of Ryvkin and Aboudi (2007) is employed for the
determination of the stress rðPÞ and strain ðPÞ distributions at
any location in the material. Presently, this stress ﬁeld distribution
rðPÞ is employed as initial stress in the voided material which as
mentioned, already includes several broken ligaments. At time
t ¼ 0 a sudden new breakage is assumed to take place and the
resulting dynamic response at time t > 0 is sought. This model cor-
responds to the case of a low speed ﬂaw propagation when the
time interval between the sequence of breaks is sufﬁciently large.
Thus the dynamic response caused by the sudden appearance of a
breakage in an already strained voided material with several ﬂaws
is investigated.
Consider the type I conﬁguration of voided material (v s ¼ 0:28)
in which a breakage in the material at x02 ¼ 0;a 6 x03 6 a in cell
(K2 ¼ 0;K3 ¼ 1) exists. The voided material is subjected to a
far-ﬁeld normal loading r022 and the resulting stress distribution
rðPÞ at any location has been determined. Due to the resulting
stress concentration caused by the existing ﬂaw, a ligament will
break at time t ¼ 0 at a neighboring cell ðK2 ¼ 0;K3 ¼ 0Þ. The
resulting normalized equivalent stress req=r022 at time Cpt=
ð2lÞ ¼ 5 is shown in Fig. 9(a) where locations of high stresses
occurrence can be observed. In order to elucidate the inﬂuence of
the dynamic breakage, this distribution should be compared by
the corresponding one obtained from the elastostatic analysis of
Fig. 9. (a) The voided material with type I conﬁguration (v s ¼ 0:28) is initially broken at x02 ¼ 0; a 6 x03 6 a of cell (K2 ¼ 0;K3 ¼ 1) and subjected to a far-ﬁeld normal
stress r022. The normalized equivalent stress distribution rDeq=r022 generated by the sudden breakage of the material at t ¼ 0 at the center of cell (K2 ¼ 0;K3 ¼ 0). The arrows
are directed toward the initial and sudden ﬂaw’s locations. (b) Elastostatic analysis prediction of the normalized equivalent stress distribution rSeq=r022 of the voided material
with two ﬂaws at x02 ¼ 0; a 6 x03 6 a of cell (K2 ¼ 0;K3 ¼ 1) and (K2 ¼ 0;K3 ¼ 0) caused by the application of a far-ﬁeld normal stress r022. The arrows are directed toward
the two existing ﬂaws.
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Fig. 10. (a) The voided material with type I conﬁguration (v s ¼ 0:7) is initially broken at the center of cell (K2 ¼ 0;K3 ¼ 1) and subjected to a far-ﬁeld normal stress r022. The
normalized equivalent stress distribution rDeq=r022 generated by the sudden breakage of the material at t ¼ 0 at x02 ¼ 0; a 6 x03 6 a of cell (K2 ¼ 0;K3 ¼ 0). The arrows are
directed toward the initial and sudden ﬂaw’s locations. (b) Elastostatic analysis prediction of the normalized equivalent stress distribution rSeq=r022 of the voided material with
two ﬂaws at the center of cell (K2 ¼ 0;K3 ¼ 1) and (K2 ¼ 0;K3 ¼ 0) caused by the application of a far-ﬁeld normal stress r022. The arrows are directed toward the two existing
ﬂaws.
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Fig. 11. Variations of the normal stress rD22=r022 at time Cpt=ð2lÞ ¼ 5 and the corresponding variations rS22=r022 as predicted by the elastostatic analysis in the type I
conﬁguration with two breakages for v s ¼ 0:28.
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6 a of cells: (K2 ¼ 0;K3 ¼ 1) and (K2 ¼ 0;K3 ¼ 0). This latter nor-
malized equivalent stress distribution is shown in Fig. 9(b). It
exhibits higher level of stresses as compared to those created in
the former dynamic case. In Fig. 9(a), the arrows are directed to-
ward the initial and sudden ﬂaw’s locations, whereas in Fig. 9(b)
they are directed toward the two existing ﬂaws. Here too, as the
material volume fraction v s increases, the amplitudes of the dy-
namic stresses increases and an overshooting start at certain val-
ues of v s. This behavior can be observed in Fig. 10(a) and (b)
which respectively correspond to Fig. 9(a) and (b) but with a mate-
rial volume fraction v s ¼ 0:7. Here within the time interval
0 6 Cpt=ð2lÞ 6 5; maxðrDeqÞ=maxðrSeqÞ ¼ 1:14, whereas this ratio is
0:82 in the previous case when v s ¼ 0:28.
Fig. 11 presents the variations of the normal stress rD22=r022 and
rS22=r022 along x3 at x2 ¼ 0 for the low and high material volume
fraction: v s ¼ 0:28 (extracted from Fig. 9) and v s ¼ 0:7 (extracted
from Fig. 10). This ﬁgure clearly exhibits the dynamic overshooting
that is obtained at the higher volume fraction ahead of the
breakage.
Let us examine the inﬂuence of the ﬂaw size (number of broken
ligaments) on the dynamic overshooting caused by the new
breakage. To this end, consider again the type I conﬁguration of
voided material (v s ¼ 0:28) but with initially two breakages at
x02 ¼ 0; a 6 x03 6 a in cell (K2 ¼ 0;K3 ¼ 2) and (K2 ¼ 0;K3 ¼ 1).
The resulting stress distribution caused by the application of a far-
ﬁeldnormal loadingr022 is employedas the initial ﬁeld in thedynamic
response of the material caused by a breakage at time t ¼ 0 atx02 ¼ 0; a 6 x03 6 a, in cell (K2 ¼ 0;K3 ¼ 0). The resulting normal-
ized equivalent stress req=r022 at time Cpt=ð2lÞ ¼ 5 is shown in
Fig. 12(a) which can be compared to the corresponding normalized
equivalent stress obtained by the elastostatic analysis of the voided
material with three breakages, Fig. 12(b). In Fig. 12(a), the arrows
are directed toward the initial and sudden ﬂaw’s locations, whereas
in Fig. 12(b) they are directed toward the three existing ﬂaws. It turns
out that theobtained ratiomaxðrDeqÞ=maxðrSeqÞ ¼ 0:85within the time
interval 0 6 Cpt=ð2lÞ 6 5 has been increased in the presence of two
initial breakages. Further increase of the number of initial breakages
increases monotonically this ratio. For eleven breakages
maxðrDeqÞ=maxðrSeqÞ ¼ 1:05 and thus dynamic overshooting occurs.
For the higher material volume ratio v s ¼ 0:7 on the other hand the
ratio maxðrDeqÞ=maxðrSeqÞ in time interval 0 6 Cpt=ð2lÞ 6 5 is 1:1
which is almost constant for two to ten number of initial breakages
thus exhibiting permanent dynamic overshooting.5. Conclusions
The dynamic response of materials with periodic microstruc-
tures produced by doubly periodic array of square voids is investi-
gated. The materials are initially stressed and the dynamic
response is caused by the sudden appearance of a ﬂaw caused by
breakage of one of the intervoid ligaments. The stress ﬁeld gener-
ated by this event depends upon the material density and its
microstructure architecture and both these dependencies are
examined. A broad spectrum of the material volume fractions
Fig. 12. (a) The voided material with type I conﬁguration (v s ¼ 0:28) is initially broken at the center of cell (K2 ¼ 0;K3 ¼ 2) and (K2 ¼ 0;K3 ¼ 1) and subjected to a far-ﬁeld
normal stress r022. The normalized equivalent stress distribution rDeq=r022 generated by the sudden breakage of the material at t ¼ 0 at x02 ¼ 0; a 6 x03 6 a of cell
(K2 ¼ 0;K3 ¼ 0). The arrows are directed toward the initial and sudden ﬂaw’s locations. (b) Elastostatic analysis prediction of the normalized equivalent stress distribution
rSeq=r022 of the voided material with three ﬂaws at x02 ¼ 0; a 6 x03 6 a of cells: (K2 ¼ 0;K3 ¼ 2), (K2 ¼ 0;K3 ¼ 1) and (K2 ¼ 0;K3 ¼ 0), caused by the application of a far-
ﬁeld normal stress r022. The arrows are directed toward the three existing ﬂaws.
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been considered which, for the case of small volume fractions
(v s < 0:3), are related to stretch dominated and bending domi-
nated layouts. In all the cases a full scale continuum mechanics
modeling is applied. The method of solution combines three dis-
tinct approaches namely, the HFGMC micromechanical model,
the representative cell method and wave propagation in composite
material analysis.
A comparison between the dynamic response and the corre-
sponding static stress state which was determined separately,
has shown that the amplitude of the dynamic response increases
monotonically with the increase of the material relative density.
Thus, for any of the considered microstructures there is some spe-
ciﬁc material density possessing the property that above the value
of this density dynamic overshooting effect takes place. The above
statement concerns with the initial stage of the considered dy-
namic phenomenon.
In addition, the inﬂuence of the ﬂaw size on the dynamic over-
shooting was examined. To this end problems of a new microcrack
appearance in the voided material with initially localized damage
(several broken ligaments) is considered. It appeared that ﬂaw size
enhanced the overshooting effect.
In the present investigation uniform tensile loadings only have
been considered. The dynamic response to other types of uniform
and nonuniform loadings (e.g., biaxial, shear or other combina-
tions) can be determined. Presently, the normal and equivalent
stresses have been shown. By using the obtained dynamic stress–
strain ﬁeld and a corresponding material failure criterion (e.g.,
Lemaitre and Desmorat, 2005 damage criterion), it is possible to
predict the path of the ﬂaw propagation. It should be of interest
to compare this predicted dynamic failure pattern with the corre-
sponding static result. In the speciﬁc case of low density cellular
material, the static problem has been considered by Lipperman
et al. (2007) in conjunction with the beam-lattice approximation.
This investigation is a subject to a future research. The present re-
sults exhibit the dynamic response when one or more the liga-
ments are broken along the horizontal x3-axis. It is however
possible to apply the present analysis to investigate a series of
ﬂaws in arbitrary directions which do not coincide with the Carte-
sian axes. The present method can be implemented for the predic-
tion of the dynamic response of multiphase voided materials to the
sudden appearance of a ﬂaw. Presently, the HFGMC method and
wave propagation in composite material analysis have been imple-
mented by discretizing the representative cell, Fig. 1(c) into
orthogonal array of subcells. This enabled the modeling of square
array of voids. A future research should extend the present analysis
to non-orthogonal array of subcells. This should enable the model-
ing of other types of periodically voided materials (e.g., hexagonal
array of voids). For the generalization of the HFGMC method to
non-orthogonal array see Haj-Ali and Aboudi (2013).Acknowledgment
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